In this paper, the statistical properties and fatigue life estimations of 0.44% carbon steel at different tempering temperatures are presented. The specimens were austenized at 900 • C for 10 min, quenched in water, tempered at different temperatures, and then machined to the design geometry and average surface roughness of R a = 0.4 µm. The effect of tempering temperature on the fatigue life of 0.44% carbon steel was investigated using 75 fatigue tests, divided into three groups at temperatures 500 • C, 600 • C, and 700 • C. S-N and P-S-N curves were established. Two methods of estimating the mean fatigue life are presented. One is based on dislocation dipole accumulation and Paris' law; another is based on the kriging model. Six more fatigue tests were carried out to validate the presented methods. Test results showed that the first method is superior to the second in terms of estimating accuracy from the validation datum. However, the second method could estimate the mean fatigue life of quenched and tempered 0.44% carbon steel with an average surface roughness of R a = 0.4 µm when the tempering temperature was set to a value other than 500 • C, 600 • C, or 700 • C, with no additional fatigue test needed.
Introduction
Quenched and tempered constructional steel has a higher ratio of yield strength to tensile strength, a higher elongation, a less reduction of area, and a greater impact strength than steel without any heat treatment [1] . Steel quenching is defined as "cooling of steel workpieces at a rate faster than still air" [2] . The cooling rate is so fast that austenite is mainly transformed into martensite and bainite [3] . Mei and Morris' study [4] showed that due to the influence of martensite, the fatigue crack growth rate of austenitic stainless steels 304 L was 10 times slower than that of 304 LN in the given condition. It has been reported that microstructure and residual stress relief are affected by tempering temperature in dual phase steels [5, 6] . Moreover, the fatigue life of structures is mainly dependent on surface roughness, residual stress, and microstructure [7] . Therefore, it is important to investigate the fatigue property and life estimation of quenched and tempered steel at different tempering temperatures to improve the safety and reliability of the carbon steel in service.
The fatigue properties of quenched and tempered steel have been investigated by some researchers. Murakami et al. [8] investigated the effects of non-metallic inclusions on the fatigue properties of composition of the material, specimen geometry, and the testing machine are described, and the mechanical properties of specimens tempered at different tempering temperatures are shown in Section 2. S-N curves, P-S-N curves, and their estimated parameters are presented in Section 3. In Section 4, two methods for estimating the mean fatigue life of quenched and tempered 0.44% carbon steel are presented: One is based on dislocation dipole accumulation and Paris' law, and the other is based on the kriging model. Finally, conclusions are drawn.
Material and Fatigue Test Results

Material, Specimens, and Fatigue Tests
The chemical composition of the material investigated in this work is shown in Table 1 . The raw material was a hot rolled steel bar of 14 mm diameter. A total of 75 steel bars with lengths of 52 mm were firstly turned to 10 mm. They were austenized at 900 • C for 10 min and quenched in water. To investigate the effect of tempering temperature (T) on fatigue life, specimens were divided into three groups of 25 specimens each. The 25 specimens of the first group were tempered at 500 • C for 60 min, the 25 specimens of the second group were tempered at 600 • C for 60 min, and the others were tempered at 700 • C for 60 min. Subsequently, specimens were machined into an hourglass shape. The geometry of the specimens is shown in Figure 1 . The central part of the specimen was polished to an average surface roughness (R a ) of 0.4 µm, and rotating bending fatigue tests were performed. The testing machine is shown in Figure 2 . The cycle frequency was 25 Hz. The cycle stress amplitudes of the first group were 750, 730, 700, 680, and 650 MPa, respectively. Those of the second and third group were 550, 500, 450, 430, and 400 MPa. A total of five fatigue tests were performed under each stress amplitude. When the crack of the specimen grew to a length which resulted in the test machine not rotating properly due to excessive bending deformation, or the specimen failed due to fracture, the corresponding cycle number was defined as the fatigue life of the specimen. Table 2 lists the tensile strength, yield strength, and elongation at break of specimens tempered at different tempering temperatures. It can be observed that tensile and yield strength decreased, and the elongation at break increased, as the tempering temperature increased from 500 • C to 700 • C. shown in Section 2. S-N curves, P-S-N curves, and their estimated parameters are presented in Section 3. In Section 4, two methods for estimating the mean fatigue life of quenched and tempered 0.44% carbon steel are presented: One is based on dislocation dipole accumulation and Paris' law, and the other is based on the kriging model. Finally, conclusions are drawn.
Material and Fatigue Test Results
Material, Specimens, and Fatigue Tests
The chemical composition of the material investigated in this work is shown in Table 1 . The raw material was a hot rolled steel bar of 14 mm diameter. A total of 75 steel bars with lengths of 52 mm were firstly turned to 10 mm. They were austenized at 900 °C for 10 min and quenched in water. To investigate the effect of tempering temperature (T) on fatigue life, specimens were divided into three groups of 25 specimens each. The 25 specimens of the first group were tempered at 500 °C for 60 min, the 25 specimens of the second group were tempered at 600 °C for 60 min, and the others were tempered at 700 °C for 60 min. Subsequently, specimens were machined into an hourglass shape. The geometry of the specimens is shown in Figure 1 . The central part of the specimen was polished to an average surface roughness (Ra) of 0.4 μm, and rotating bending fatigue tests were performed. The testing machine is shown in Figure 2 . The cycle frequency was 25 Hz. The cycle stress amplitudes of the first group were 750, 730, 700, 680, and 650 MPa, respectively. Those of the second and third group were 550, 500, 450, 430, and 400 MPa. A total of five fatigue tests were performed under each stress amplitude. When the crack of the specimen grew to a length which resulted in the test machine not rotating properly due to excessive bending deformation, or the specimen failed due to fracture, the corresponding cycle number was defined as the fatigue life of the specimen. Table 2 lists the tensile strength, yield strength, and elongation at break of specimens tempered at different tempering temperatures. It can be observed that tensile and yield strength decreased, and the elongation at break increased, as the tempering temperature increased from 500 °C to 700 °C. 
Fatigue Test Results
The scatter plot of fatigue test results is shown in Figure 3 . It is shown that: (1) When the same cycle stress amplitude was applied to the specimens, the fatigue life of the first group (tempering temperature 500 °C) was much longer than that of the second (tempering temperature 600 °C) or third groups (tempering temperature 700 °C); (2) The fatigue life of the second group was slightly greater than that of the third group when cycle stress amplitude was 500 or 550 MPa; (3) The fatigue life of the second group was significantly greater than that of the third group when cycle stress amplitude was 450, 430, or 400 MPa. These results might be due to the fact that fatigue crack growth rates increase or fatigue life decreases when the tempering temperature is increased above a certain value [22, 23] . The mean and standard deviations of fatigue life of the first, second, and third group are listed in Tables 1-3 , respectively. In Tables 3-5 and Figure 3 , it is shown that fatigue life is dispersive, and the dispersion is increasingly significant with a decrease of the applied cycle stress amplitude for three kinds of tempering temperature. This could be because: (1) Fatigue life is rarely affected by the stochastic surface groove of the specimen, due to the manufacturing process when the cycle stress amplitude is large; (2) An opposite effect when the specimen is exposed to a relatively small cyclic stress amplitude. Similar results have been observed in Reference [24] . 
The scatter plot of fatigue test results is shown in Figure 3 . It is shown that: (1) When the same cycle stress amplitude was applied to the specimens, the fatigue life of the first group (tempering temperature 500 • C) was much longer than that of the second (tempering temperature 600 • C) or third groups (tempering temperature 700 • C); (2) The fatigue life of the second group was slightly greater than that of the third group when cycle stress amplitude was 500 or 550 MPa; (3) The fatigue life of the second group was significantly greater than that of the third group when cycle stress amplitude was 450, 430, or 400 MPa. These results might be due to the fact that fatigue crack growth rates increase or fatigue life decreases when the tempering temperature is increased above a certain value [22, 23] . The mean and standard deviations of fatigue life of the first, second, and third group are listed in Tables 1-3 , respectively. In Tables 3-5 and Figure 3 , it is shown that fatigue life is dispersive, and the dispersion is increasingly significant with a decrease of the applied cycle stress amplitude for three kinds of tempering temperature. This could be because: (1) Fatigue life is rarely affected by the stochastic surface groove of the specimen, due to the manufacturing process when the cycle stress amplitude is large; (2) An opposite effect when the specimen is exposed to a relatively small cyclic stress amplitude. Similar results have been observed in Reference [24] . 
S-N and P-S-N Curves
To obtain S-N curves for specimens from the first, second, and third group, the logarithm stress amplitudes and means of the fatigue life with respect to base 10 were taken first, and then a simple linear regression model was used, where the dependent variable and the independent variable were the base 10 logarithm of means of the fatigue life and stress amplitudes, respectively. Material constants (the base 10 logarithm of the parameters of the simple linear regression model) c and n were estimated by the least square method, and are listed in Table 6 . They satisfy the logarithmic Basquin equation:
S and N are the cycle stress amplitude and fatigue life, respectively. S-N curves at tempering temperatures of 500 • C, 600 • C, and 700 • C, and corresponding experimental fatigue lives, are shown in Figure 4 . As can be seen, the S-N curve agrees very well with the experimental data for the three tempering temperatures. Similar conclusions to those described in Section 2.2 can be observed: The decrease of the tempering temperature from 700 • C to 500 • C can greatly result in increasing fatigue life for quenched and tempered 0.44% carbon steel with R a = 0.4 µm. Using the Lilliefors test method, the fatigue lives of specimens from each group, for the same cycle stress amplitude, were verified as following a normal distribution. The P-S-N curves at tempering temperatures 500 °C, 600 °C, and 700 °C are shown in Figures 5-7 , respectively. R is defined as survival probability and is confidence level. In Figures 5-7 , the blue triangle, pink inverted triangle, black square, and red dot are the calculated data points of the confidence lower limit, and are calculated as described in Reference [24] :
where x is the mean, x σ is the standard deviation of experimental fatigue life, and h is the one-sided tolerance factor. Next, the P-S-N curve is fitted using the similar logarithmic Basquin equation:
Parameters a1 and a2 are estimated by the least square method, and a1 and a2 for the fatigue life datum at tempering temperatures of 500 °C, 600 °C, and 700 °C are shown in Tables 7-9 , respectively.
As shown in Figures 5-7 and Tables 7-9 , for all P-S-N curves and their parameters a1 and a2, there is no significant difference between confidence levels = 95% and = 99% when the survival probability R is 50%, 90%, 99%, or 99.9%. This implies that the confidence lower limit in Equation (2) is almost unaffected whether the confidence level is 95% or 99%. However, it is very clear that the estimated P-S-N curve could not agree closely to the corresponding confidence lower limit when R ≥ 90%. That is, the relationship between lg(N f ) and lgS is no longer proportional. This is because the standard deviation of fatigue life is increasingly significant as the applied cycle stress amplitude decreases for the three tempering temperatures described in Section 2.2, while the mean of lg(N f ) is proportional to the mean of lgS for a P-S-N curve or S-N curve with R = 50%. Using the Lilliefors test method, the fatigue lives of specimens from each group, for the same cycle stress amplitude, were verified as following a normal distribution. The P-S-N curves at tempering temperatures 500 • C, 600 • C, and 700 • C are shown in Figures 5-7 , respectively. R is defined as survival probability and γ is confidence level. In Figures 5-7 , the blue triangle, pink inverted triangle, black square, and red dot are the calculated data points of the confidence lower limit, and are calculated as described in Reference [24] :
where x is the mean, σ x is the standard deviation of experimental fatigue life, and h is the one-sided tolerance factor. Next, the P-S-N curve is fitted using the similar logarithmic Basquin equation: 5 . P-S-N curves at tempering temperature 500 °C and confidence levels: (a) = 95% ; (b) = 99%. Parameters a 1 and a 2 are estimated by the least square method, and a 1 and a 2 for the fatigue life datum at tempering temperatures of 500 • C, 600 • C, and 700 • C are shown in Tables 7-9, respectively. Table 9 . Parameters of P-S-N curves at tempering temperature 700 • C. As shown in Figures 5-7 and Tables 7-9 , for all P-S-N curves and their parameters a 1 and a 2 , there is no significant difference between confidence levels γ = 95% and γ = 99% when the survival probability R is 50%, 90%, 99%, or 99.9%. This implies that the confidence lower limit in Equation (2) is almost unaffected whether the confidence level is 95% or 99%. However, it is very clear that the estimated P-S-N curve could not agree closely to the corresponding confidence lower limit when R ≥ 90%. That is, the relationship between lg N f and lgS is no longer proportional. This is because the standard deviation of fatigue life is increasingly significant as the applied cycle stress amplitude decreases for the three tempering temperatures described in Section 2.2, while the mean of lg N f is proportional to the mean of lgS for a P-S-N curve or S-N curve with R = 50%.
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Fatigue Life Estimation
Fatigue Life Estimation Based on Dislocation Dipole Accumulation Model and Paris' Law
The fatigue life N is
where N i and N p are crack initiation life and crack propagation life, respectively. N i has an analytic formulation and was presented by Tanaka and Mura [25, 26] . The formulation was based on the dislocation dipole accumulation model. On this basis, Wang et al. [27] presented the formula of N i for a specimen with different surface roughness in References [25] [26] [27] [28] :
where ∆K th , G, E, and S e are the threshold of stress intensity factor, shear modulus, elastic modulus, and endurance limit, respectively; υ is the Poisson's ratio; and a 0 is the equivalent initial micro-defect size where a 0 = 2.97R a [24] . N p has also an analytic expression, obtained by integrating Paris' law; a sc is a threshold for identifying long and short cracks; and a f is defined as the crack size of final failure. Generally, cycles from a 0 to a sc are much greater than cycles from a sc to a f . Then, N p can be taken as described in Reference [29] :
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The material constants n and c are listed in Table 6 in Section 3. The material constants C can be calculated by solving Equation (7), and are listed in Table 10 . Using the material constants C and n, the mean fatigue life N of the quenched and tempered 0.44% carbon steel with different tempering temperatures and the average surface roughness of R a = 0.4 µm is: 
Fatigue Life Estimation Based on the Kriging Model
If the tempering temperature T is set to a value other than 500 • C, 600 • C, or 700 • C, many fatigue tests must be completed again to estimate the mean fatigue life N of the quenched and tempered 0.44% carbon steel using Equation (8) when average surface roughness R a is still 0.4 µm. Therefore, a new fatigue life estimation method based on the kriging model is presented in this work. Kriging modeling has become a popular method of approximating a deterministic computer model. It has been used in a wide variety of applications, including conceptual design, structural optimization, multidisciplinary design optimization, aerospace engineering, and mechanical engineering [30] . y i ∈ R, the kriging predictor at an untried point x is assumed as described in Reference [31] y
with C = C(x) ∈ R m . The corresponding true value can be written as
where F (β, x) and z(x) are the regression model and the approximation error, respectively. To keep the predictor unbiased E[ŷ(x) − y(x)] = 0 and minimize the mean squared error of the predictor, Lagrange multiplier λ and C are
where
T , R is defined as the matrix of stochastic process correlations between the approximation error z's at design sites with
T , and σ 2 the variance of the response y. R is the correlation model with parameter θ, and is expressed by
In this work, R j θ, ω j − x j = Exp θ ω j − x j 2 . For the regression problem Fβ = Y, the generalized least squares solution with respect to R is
Then, the kriging predictor at an untried point x iŝ
The means of the fatigue life are defined as responses Y. Each design site is composed of the tempering temperature and the stress amplitude.
Using the data in Tables 4-6 , the predicted surface mean of fatigue life based on the kriging model is shown in Figure 8 . If the tempering temperature and stress amplitude are given, the corresponding means of fatigue life should be estimated by the surface function. Therefore, if tempering temperature T is set to a value other than 500 • C, 600 • C, or 700 • C, the mean fatigue life N of quenched and tempered 0.44% carbon steel can be estimated by the surface function, and no additional fatigue test needs to be done when the average surface roughness R a is still 0.4 µm. 
The means of the fatigue life are defined as responses . Each design site is composed of the tempering temperature and the stress amplitude.
Using the data in Tables 4-6 , the predicted surface mean of fatigue life based on the kriging model is shown in Figure 8 . If the tempering temperature and stress amplitude are given, the corresponding means of fatigue life should be estimated by the surface function. Therefore, if tempering temperature T is set to a value other than 500 °C, 600 °C, or 700 °C, the mean fatigue life N of quenched and tempered 0.44% carbon steel can be estimated by the surface function, and no additional fatigue test needs to be done when the average surface roughness Ra is still 0.4 μm. Six other fatigue tests were carried out to validate the presented methods. They are composed of two tests with T = 500 °C and S = 690 MPa, two tests with T = 600 °C and S = 470 MPa, and two tests T = 700 °C and S = 420 MPa. The stress amplitudes were different from those of the previous fatigue tests. The test results are shown in Table 11 . It can be seen that the maximum estimation error of the first method is 15.81% and that of the method based on the kriging model is 43.21%. It can be observed that the method based on the dislocation dipole accumulation model and Paris' law is superior to the method based on the kriging model for estimating accuracy from the validation datum. Six other fatigue tests were carried out to validate the presented methods. They are composed of two tests with T = 500 • C and S = 690 MPa, two tests with T = 600 • C and S = 470 MPa, and two tests T = 700 • C and S = 420 MPa. The stress amplitudes were different from those of the previous fatigue tests. The test results are shown in Table 11 . It can be seen that the maximum estimation error of the first method is 15.81% and that of the method based on the kriging model is 43.21%. It can be observed that the method based on the dislocation dipole accumulation model and Paris' law is superior to the method based on the kriging model for estimating accuracy from the validation datum. 
Conclusions
For 0.44% carbon steel with an average surface roughness of 0.4 µm, austenized at 900 • C and quenched in water, fatigue life observably decreased with increased tempering temperature from 500 • C to 700 • C when specimens were exposed to the same cycle stress amplitude. Fatigue life shows dispersion, and this dispersion is increasingly significant as the applied cycle stress amplitude is decreased, for tempering temperatures of 500 • C, 600 • C, and 700 • C. The P-S-N curves and their parameters at tempering temperatures of 500 • C, 600 • C, or 700 • C showed no significant difference between confidence levels of 95% and 99% when survival probability R was 50%, 90%, 99%, or 99.9%. The method based on the dislocation dipole accumulation model and Paris' law was superior to the method based on the kriging model in terms of estimating accuracy from the validation datum. However, the latter could estimate the mean fatigue life of the quenched and tempered 0.44% carbon steel with average surface roughness of R a = 0.4 µm when the tempering temperature was set to a value other than 500 • C, 600 • C, or 700 • C, without conducting additional fatigue tests.
